Abstract. Let F M be the universal fibration having fibre M an elliptic space with vanishing odd rational cohomology. We consider the rational cohomology of the total space of F M by using a function space model due to Haefliger, Brown and Szczarba when Halperin's conjecture is affirmatively solved for the fibre. The calculation enables one to deduce that the cohomology of the classifying space of the self-homotopy equivalences of a c-symplectic space M is generated only by the Kedra-McDuff µ-classes if the cohomology of M is generated by a single element.
Introduction
Let M be an elliptic space, namely a simply-connected space whose rational homotopy and cohomology are finite-dimensional. Suppose further that the Euler characteristic i (−1) i dim H * (M ; Q) is positive. Following Lupton [19] , we call such a space positively elliptic. Then Halperin's conjecture states that for any positively elliptic space M , each fibration M → E p → B with a simply-connected base is TNCZ; that is, the Leray-Serre spectral sequence with coefficients in the rational field for the fibration collapses at the E 2 -term. In this case the cohomology H * (E; Q) is isomorphic to the tensor product H * (B; Q) ⊗ H * (M ; Q) as an H * (B; Q)-module, where the module structure is defined by the induced map p * : H * (B; Q) → H * (E; Q). We observe that, as an algebra, H * (E; Q) is not isomorphic in general to the tensor product with the natural algebraic structure induced by the products on the factors.
We mention that the conjecture has been affirmatively solved in some cases; see [35] , [27] , [31] , [20] and [22] . Our interest here lies in investigating the algebra structure of the rational cohomology of the total space of a fibration with a fibre for which Halperin's conjecture is affirmatively solved.
In the rest of this section, we describe our results. Let aut 1 (M ) be the component of the monoid of the self-homotopy equivalences of a space M containing the identity and M ι → M aut1(M ) π → Baut 1 (M ) the universal M -fibration [24] . Suppose that M is a simply-connected space whose rational cohomology is isomorphic to an algebra of the form For any s ∈ S 0 , the element ν s is decomposable in H * (M aut1(M ) ; Q). Thus we have
Corollary 1.2. As an algebra,
The derivations of H * (M ; Q) are closely related with the Halperin conjecture. Indeed, the result [27, Theorem A] due to Meier asserts that the conjecture is true for a positively elliptic fibre M if and only if all derivations of negative degree of H * (M ; Q) vanish. Thus Theorem 1.1 is applicable to spaces satisfying Halperin's conjecture, for example, the homogeneous space G/H for which G is a Lie group and H is a subgroup with rank G = rank H; see [31] .
We mention that Lemma 3.1 below describes a necessary and sufficient condition for the vector space of negative derivations of H * (M ; Q) to be trivial in terms of the differential δ of the HBS model for aut 1 (M ). We also observe that the subset S in Theorem 1.1 is determined when choosing a basis for the image of the linear part of δ; see Section 3 for more details.
We can arrange the given basis {m j } j∈J of H * (M ; Q) so that D i = 0 for any i. This follows from deformation theory as we see in [10, Section 3] 
where f : B → Baut 1 (M ) is the classifying map of the given fibration. In particular, one can obtain the algebra structure of
In a particular case, the
as an algebra and
as an
This result also follows from the computation in [6, Section 3] [30] and Januszkiewicz and Kedra [12] . By the same way, for a symplectic space (M, a) mentioned above, we can define characteristic classes µ k of the classifying space Baut 1 (M ) with degree 2k for 2 ≤ k ≤ m + 1. The class µ k is also called the kth µ-class; see Section 6 for more details.
We 
We give a computational example. Let G be a Lie group, K and H subgroups of G. We define a map 
Observe that χ ∈ H 2 (M ; Q) is the element which comes from the Euler class χ ∈ H 2 (BSO(2); Q) via the map
where j is the fibre inclusion of the fibration
Recall that the rational cohomology of BSO(2m + 1) is a polynomial algebra generated by Pontrjagin classes; that is, 
Corollary 1.6. Let M be the Grassmann manifold of the form SO(2m+1)/SO(2)× SO(2m−1). Then the µ-classes µ
The proof of Proposition 1.5 also allows us to conclude that the image of the kth µ-class by the induced map
coincides with the kth Chern class up to sign modulo decomposable elements; see the proof of [13, Proposition 1.7] . Observe that
. In order to prove Proposition 1.5, we will heavily rely on an explicit model for the left translation by a Lie group on a homogeneous space, which is investigated in [17, Sections 3 and 4] . This also illustrates usefulness of such an algebraic model.
The rest of this manuscript is set out as follows. In Section 2, we recall briefly the HBS model for aut 1 (M ) and a model for the evaluation map. A minimal model for the monoid is constructed in Section 3. Section 4 is devoted to constructing an approximation to the Eilenberg-Moore spectral sequence. In Section 5, we prove Theorem 1.1. After recalling µ-classes, we prove Propositions 1.4 and 1.5 in Section 6.
Models for the monoid aut 1 (M ) and for the evaluation map
In what follows, H * (−) and H * (−) denote the cohomology and homology with coefficients in the rational field, respectively.
Let M be a formal space with dim H * (M ) < ∞. We recall a Sullivan model for aut 1 (M ) and a model for the evaluation map ev : aut 1 (M ) × M → M ; see [8] , [1] , [5] , [2] and [17] for more general function space models.
Let 
where 
Observe that, for elements v ∈ V and e ∈ B * , if
Here the sign is determined by the Koszul rule; that is, ab = (−1)
deg a deg b ba in a graded algebra.
We define a DGA map u :
where τ (n) = [(n + 1)/2], a ∈ ∧V and b ∈ B * . Let M u be the ideal of E generated by the set
Then the result [1, Theorem 6.1] asserts that (E/M u , δ) is a model for aut 1 (M ). This means that there exists a quasi- 
the natural projection. Then m(ev) is a Sullivan representative for the evaluation map ev : aut 1 (M ) × M → M ; that is, there exists a homotopy commutative diagram
Let M be a space whose rational cohomology is isomorphic to an algebra of the form (1.1). Observe that M is a formal space with dim H * (M ) < ∞. Thus the construction in Section 2 of the HBS model for aut 1 (M ) is applicable. We here construct a relevant minimal model for aut 1 
+ . Then the part δ 0 defines a linear map
where Q{U } denotes the vector space generated by a set U .
As mentioned in Introduction, we are able to relate Halperin's conjecture with a property of the linear part δ 0,res . Let Der Q (H * (M )) − be the vector space of all derivations of negative degree of H * (M ). In order to construct a minimal model for E/M u , we arrange bases ρ i ⊗ (m j ) * and x i ⊗ (m j ) * as follows. Fix total orders on the sets T 1 and T 2 , respectively. Using the orders, we define column vectors (δ 0,res (ρ i ⊗ (m j ) * )) and (x i ⊗ (m j ) * ).
Suppose that Der Q (H * (M ; Q)) − = 0. Then it follows from Lemma 3.1 that there exists a (k, l)-matrix A with full rank such that
where k = T 2 and l = T 1 . Thus, changing the order on T 1 if necessary, we can find a regular (k, k)-matrix B such that BA = (E, * ), where E is the identity matrix. Put B(x i ⊗ (m j ) * ) = (v l ). We choose the pair (s, t) ∈ T 1 which satisfies the condition that
for which each w i ,j is a linear combination of elements ρ i ⊗ (m j ) * with (i, j) > (s, t). Without loss of generality, we can assume that (i, 0) > (s, t) for i = 1, ..., q because δ 0,res (ρ i ⊗ 1 * ) = 0 for any i. We write ( 
for some α il ∈ Q. Thus we have
Since each term of the decomposable elements δb i − v i and δ(ρ i ⊗ (m j ) * + l α il b l ) contain v l for some l as a factor, we see that γ is a welldefined DGA map.
The fact that r is a quasi-isomorphism follows from the usual spectral sequence argument.
An approximation to the Eilenberg-Moore spectral sequence
In order to prove Theorem 1.1, we introduce a spectral sequence. Let C * (X) denote the normalized chain complex of a space X with coefficients in the rational field. By definition, the total space M aut1(M ) of the universal M -fibration is regarded as the realization |B * ( * , aut 1 (M ), M )| of the geometric bar construction B * ( * , aut 1 (M ), M ), which is a simplicial topological space with B i ( * , aut 1 
×i × M ; see [24, Proposition 7.9] . The result [24, Theorem 13.9] allows us to obtain natural quasi-isomorphisms which connect with C * (|B( * , aut 1 (M ), M )|) and the algebraic bar construction of the form B(C * ( * ), C * (aut 1 (M )), C * (M )) for which
Moreover the Eilenberg-Zilber map gives rise to a quasi-isomorphism from the bar complex to the total complex TotalC * (B * ( * , aut 1 (M ), M )). Observe that
In 
In particular, d 0 : B 0, * → B 1, * is regarded as the map
where the maps pr 2 and ev from aut 1 (M ) × M → M to M denote the second projection and the evaluation map, respectively. We define a double complex
r } be the Eilenberg-Moore spectral sequence converging to the rational cohomology H * (M aut1(M ) ) with
as an algebra. Observe that this spectral sequence is constructed with the double complex B. The double complex C gives rise to a spectral sequence { E r , d r } converging to H * (Total(C)) . Moreover, we see that the projection q : B → C induces the morphism of the spectral sequences 
where
denotes the homotopy between the model m(ev) for the evaluation map ev and the induced map A P L (ev) up to quasi-isomorphisms and s stands for the inclusion into the second factor. Let D be the double complex associated with the differential graded Q-module
Observe that D i,j = 0 for i ≥ 2. The usual spectral sequence argument allows us to conclude that H * (totalC) ∼ = H * (totalD) as a vector pace. By using this identification, we shall prove Theorem 1.1.
Proof of Theorem 1.1
We use the same notation as in Sections 3 and 4 throughout this section. Proof of Theorem 1.1. Recall from Section 3 the minimal model ∧Z for the monoid aut 1 (M ); that is,
where {(m j ) * } j∈J denotes the dual basis of H * (M ; Q) and deg
We observe that Der Q (H * (M ; Q)) − = 0 by assumption. Thus we have
This yields that, in the Leray-Serre spectral sequence for the universal fibration
where h G , h and h BG denote the duals to Hurewicz maps. Since H * (aut 1 (M )) and H * (Baut 1 (M )) are exterior algebra and a polynomial algebra, respectively, it follows that h G and h BG are isomorphisms on vector subspaces of indecomposable elements. Thus we see that the element ρ i ⊗ (m j ) * is transgressive because the map δ −1 π * is the transgression by definition. Thus the result [29, Section 7 (2.27)] implies that the element ρ i ⊗ (m j ) * is primitive for (i, j) ∈ S.
Let { E r , d r } be the Eilenberg-Moore spectral sequence converging to the cohomology H * (Baut 1 (M )) with E * , * 2 deg ρ i − deg m j ) . This allows us to conclude that, as algebras,
Recall the Eilenberg-Moore spectral sequence {E r , d r } converging to the cohomology ring H * (M aut1(M ) ). We see that
as bigraded algebras. For dimensional reasons, we see that the spectral sequence
The naturality of the spectral sequence enables us to deduce that π
). In the total complex of the double complex D, we have
. Therefore it follows from Lemma 4.1 that
. The latter half of Theorem 1.1 follows from the equalities
This completes the proof. 
The class ω in Proposition 6.1 is called the coupling class. 
where a is the coupling class.
Proof of Proposition 1.4. We use the same notation as in the previous sections. It follows from Lemma 4.1 that 
